The mesoscale rheology of a lamellar phase of a block copolymer is modeled as a structured fluid of uniaxial symmetry. The model predicts a viscoelastic response that depends on the angle between the the local lamellar planes and velocity gradients. We focus on the stability under oscillatory shear of a two layer configuration comprising a parallel and a perpendicularly oriented domain, so that the two layers have a different viscoelastic modulus G * (ω). A long wave, low Reynolds number expansion is introduced to analytically obtain the region of stability. When the response of the two layers is purely viscous, we recover earlier results according to which the interface is unstable for non zero Reynolds number flows when the thinner layer is more viscous. On the other hand, when viscoelasticity is included, we find that the interface can become unstable even for zero Reynolds number. The interfacial instability is argued to dynamically favor perpendicular relative to parallel orientation, and hence we suggest that the perpendicular orientation would be selected in a multi domain configuration in the range of frequency ω in which viscoelastic contrast among orientations is appreciable.
The specific case considered is related to alignment studies of lamellar phases in bulk block copolymer melts. There by reason of symmetry, the complex viscoelastic modulus G * (ω) depends on the relative orientation between local lamellar normal and velocity gradient.
We argue that given the dependence of G * (ω) on orientation, the hydrodynamic instability discussed here would dynamically favor domains of perpendicular orientation over parallel in a bulk, multi domain configuration.
Block copolymers are currently being investigated for a wide variety of applications in nanotechnology 1-6 due to their ability to self-assemble into ordered nanophases of different symmetry (lamellar, cylindrical, spherical, close packed spherical, or bi-continuous phases such as gyroid). [7] [8] [9] Equilibrium morphologies and characteristic length scales can be easily controlled by chemical manipulation of the polymer blocks. In general, however, quenched block copolymer samples are macroscopically disordered in that they contain a large number of domains of different orientation, all degenerate by symmetry. Given that disordered or defected samples are not generally suitable for applications [10] [11] [12] [13] , a number of strategies have been put forward to accelerate annealing of defects, or to post process polycrystalline samples in order to increase the characteristic size of ordered domains. Applied shears have been particularly effective in aligning thin films of in-plane cylinder 14 , sphere forming 15 , and lamellar 5 phases. The same strategy has been used on bulk samples [16] [17] [18] [19] , although there is no explanation yet as to the selected orientation relative to the shear as a function of material parameters, and amplitude and frequency of the shear 19 . This lack of understanding of the non equilibrium processes involved in the alignment of bulk samples has led to alternative strategies including, for example, solvent annealing and applied electric fields 20 .
Our current understanding of shear alignment in bulk samples is well summarized by Wu et al. 19 . They conducted a systematic analysis in styrene-isoprene (SI) multiblocks (from diblocks to undecablocks). Results for diblocks confirm earlier experimental findings that show a sequence of transitions from parallel orientation at low frequencies, to perpendicular, and again to parallel as the frequency is increased. The sequence of transitions is qualitatively different in poly-(ethylene-propylene) -poly-(ethylethylene) (PEP-PEE) diblocks, presumably because a marked viscoelastic contrast between styrene and isoprene blocks which is largely absent in PEP-PEE. This issue was already emphasized by Fredrickson 21 who noted that styrene is largely unentangled, whereas isoprene is entangled, and hence a large contrast in relaxation times of the blocks is anticipated. Further, the experiments of Wu et al. 19 show that this double transition is observed in diblocks and triblocks, but surprisingly not in higher order multiblocks, in which entanglement effects among longer chains would be expected to be more important.
A further complicating factor in the elucidation of the orientation selected under shear is the non terminal viscoelastic response of the block copolymer melt in the range of frequencies in which orientation switching is observed. 19, [22] [23] [24] (terminal behavior has an elastic modulus that vanishes with frequency as G ′ ∼ ω 2 whereas the loss modulus reflects Newtonian viscous dissipation G ′′ ∼ ω). In fact, non terminal rheology is observed even at the lowest frequencies at which G * (ω) has been measured, a range well below that which can be attributed to individual chain dynamics. 25 Interestingly, a dependence of the non terminal viscoelasticity on lamellar orientation has also been found in largely oriented samples. 19, [22] [23] [24] Except for diblocks, all multiblocks in Ref. 19 show terminal behavior as ω → 0 when aligned along the perpendicular orientation, whereas none of them are terminal in the parallel orientation.
This observation, together with the prominent entanglement effects described above, calls into question existing theoretical analyses that either neglect hydrodynamics or, if they don't, they assume Newtonian flows. Viscoelastic response appears to be closely correlated with orientation, and is certainly not negligible even at the lowest frequencies probed.
We propose a new viscoelastic model of block copolymer melts that explicitly takes into account the fact that the melt in a lamellar phase is a uniaxial (not isotropic) fluid. As such, local viscoelastic response involves the coupling between local orientation of the lamellae and local strain and velocity gradients. For an incompressible system, such a symmetry requires three viscosity coefficients and three elastic moduli 26 . We extend here the earlier analysis of a purely viscous uniaxial fluid 27 , to incorporate viscoelasticity. As shown below, a uniaxial viscoelastic medium readily allows for differential rheology in, say, parallel and perpendicular orientations, including the observed terminal behavior of the perpendicular orientation versus viscoelastic response of other orientations.
For simplicity, our analysis does not address a macroscopically disordered sample, but rather a configuration comprising only two perfectly oriented domains and the boundary separating them. Of the three possible orientations of an ordered lamellar domain relative to the imposed shear we focus here on parallel and perpendicular only. The third independent component (the so called transverse, in which the lamellar normal is parallel to the velocity direction), is less stable as it is being compressed by the shear 28 . Both parallel and perpendicularly oriented domains are marginal with respect to the flow, and as such have been the subject of most orientation selection studies to date.
Section II describes the model equations and the fluid configuration under consideration.
We introduce a general linear viscoelastic constitutive law for a incompressible system with uniaxial symmetry, and derive the reference flow under oscillatory shear and a planar boundary separating two layers of different orientation. Section III presents our results concerning the linear instability of the base state by considering small perturbations of large wavelength, also in the limit of small Reynolds number. The implications of our findings on orientation selection in a lamellar block copolymer are discussed in Sec. IV.
II. VISCOELASTIC MESOSCOPIC MODEL
Although the description below can be generalized to the case of a multi block (see, e.g., 
The independent contributions to a fourth rank tensor compatible with incompressible condition (δ ij ∂ i v j = 0) and uniaxial symmetry (q i is the i−th component of the local unit normal to the lamellar planes, and assume that the constitutive law is invariant underq i → −q i )
can be written as
where δ ij is the Kronecker's delta. There are, in this case, three independent modulus components G 1 , G 4 and G 56 and, as a consequence, the viscoelastic response depends on the local lamellar orientation. For example, for perfect parallel lamellae (q ∇v)
, and for perfect perpendicular lamellae (q ∇ × v) G ⊥ (t) = G 4 (t).
Therefore, any viscoelastic contrast between these two orientations is contained in the component G 56 (t). Note, in particular, that if the response of the material in the parallel configuration is terminal, this has to be the case for a perpendicular orientation as well.
The reverse, however, is not true, fact that is consistent with experiments 19 .
We focus here on extending the results of Ref. 27 to include uniaxial viscoelasticity.
We consider two semi infinite layers of a lamellar block copolymer, one on top of the other ( Fig. 1) , confined between two infinite and parallel planes. The phase at the top has thickness H, and the lower phase h. The upper plane oscillates with a velocity U of frequency ω and amplitude U while the lower plane is at rest. The densities of two layers, ρ, are constant and equal since they are the same copolymer, differing only on lamellar orientation. For simplicity, we neglect any variation in the vorticity direction (∇ × U), orŷ in Fig. 1 .
Hence we focus on a two dimensional system in which the fluid velocity has components
) with α = 1, 2 denoting fluid 1 (lower) or 2 (upper).
When the two layers in this configuration contain parallel and perpendicular phases, the state of the system is unaffected by the flow since v · ∇ψ = 0 for both orientations.
Furthermore, if as is customary, both phases are assumed to be isotropic fluids, then the configuration shown is stable, the order parameter is stationary, and the flow is a simple linear shear. If, on the other hand, Eq. (2) is assumed, then the two layers have a different viscoelastic modulus and the configuration can be linearly unstable. This instability is the subject of our study below. fluid, the Reynolds number must be finite. This case is unlikely to be of relevance to block copolymers as typical Reynolds numbers are extremely small. In the viscoelastic case, on the other hand, a differential elastic response between the two phases, even at zero Reynolds number, provides for a mechanism for instability as detailed below.
In each fluid layer, the velocity field satisfies
where the stress tensor is
where we have separated P (α) , the hydrostatic pressure, from the stress σ (α) ij . Incompressible flow is assumed in both layers
We now consider a different viscoelastic modulus in each layer and write
In order to make the problem as general as possible, we do not specify any functional form of the moduli of the two viscoelastic fluids, although we must point out that our study is confined to linear viscoelasticity. We next define the complex modulus
where G ′ (ω) is the storage modulus, and G ′′ (ω) the loss modulus.
The interface separating the two layers is z s = z s (x, y, t). Since fluid particles move with the interface (no mass transport across the interface is allowed) we have,
The set of governing equations (3) - (5) is to be supplemented by boundary conditions.
We use the no-slip and no-penetration boundary condition on the planes. For the upper fluid,
and, for the lower fluid,
At the interface (z = z s ) the velocity is continuous
The stress tangential to the interface is continuous whereas the stress normal to the interface is discontinuous and balanced with the interfacial tension T
where n i and t i are the unit vectors normal and tangential to the interface. Therefore, Eqs. (3) - (13) completely describe the dynamics of two superposed viscoelastic fluids under oscillatory shears.
A. Reference state
In the base reference state the interface is planar (z s = 0), and the flow is stratified and parallel to the planes, with a gradient alongẑ-axis, and oscillating with the driving frequency
b (z, t)x and we assume
When v
is substituted into the momentum conservation equation, its z-component be-
b . On the other hand, the equation for the x-component involving the mode e −iωt is − iωρu
For the e iωt mode, u + satisfies the complex conjugate of Eq. (15); therefore, u
is real. With the definition of the complex modulus Eq. (7), Eq. (15) becomes
Note that, since
The boundary conditions for the Fourier e −iωt mode are u
− (z = 0). In addition, the continuity of tangential stresses at the interface leads to a pressure that is continuous and constant across the interface P 
Since the interface is not distorted in the base state, the effect of the surface tension is absent.
We now solve the differential equation (16) by assuming
Upon substitution into Eq. (16), and using all four boundary conditions, we find
where
and
Note that the reference state explicitly depends on the complex moduli at the driving frequency ω. In the next section we study the linear stability of this base flow against a small perturbation of the interface.
III. LINEAR STABILITY ANALYSIS
We introduce small perturbations away from the base state
. Since our system is effectively two dimensional,
We decompose the perturbations into normal modes in the x direction
In general,φ (α) (z, t),ẑ s (t) and δP (α) (z, t) are complex and depend on q x . The resulting differential equations, after linearizing in the amplitude of the perturbations, have time periodic coefficients in 2π/ω, and hence we use Floquet theory. We therefore writê Upon applying Floquet theory, the resulting equations of motion in terms of the stream functionφ (α) and the interfacez s are
In addition, the no-slip and no-penetration boundary conditions at the planes becomē
and the interface conditions areφ
For small z s we have n i = (∂ x z s , 0, −1) and t i = (1, 0, ∂ x z s ). Then, the continuity of the tangential shear stresses implies that
Note that the pressure term in the stress tensor vanishes because δ ij n i t j = 0, and the 
In order to make analytic progress, we focus only on long-wavelength perturbations. For small q x , we expand the perturbations equations (25) and (26) in q x such that
where at each order in q x the coefficients ofφ (α) (z, t) andz s (t) are time-periodic functions of 2π/ω, whereas the coefficients of σ are independent of time. Next, after substituting these perturbations into Eqs. (27) and (28) At O(q x ), with σ 0 = 0 andz s,0 = ζ 0 , we have
The time-dependence ofφ (α) 0 (t) can be inferred from the continuity condition of thex component velocity at the interface Eq. (31). Sincez s,0 = ζ 0 and u b ∼ e ±iωt ,φ 0 is also periodic in time, and we takeφ
Then, sincez s,1 must be a periodic function in time because of Floquet theory, it should follow again from Eq. (40) that σ 1 = 0 and
from which we findz Consider then the problem at O(q 2 x ), with σ 0 = σ 1 = 0 andz s,0 = ζ 0 . We have
Similarly to the case at O(q x ) the time-dependence ofφ
1 is determined from the boundary condition Eq. (31) . In this case, sincez s,1 is a periodic function of time rather than a constant, and ∂ z u (α) b (z = 0)z s,1 has both a non periodic part and a time periodic part, the perturbed stream function at O(q x ) is also a sum of non-periodic and periodic parts as
1,NP . Thus, from Eq. (44) we find the periodic part
and the first non-vanishing contribution to the Floquet exponent is σ = σ 2 q 2 x where
with
Therefore, in order to determine the stability of the configuration under study, we need the first order distortion of interfacez s,1 and the non-periodic part ofφ (α) 1 (z = 0). We show the details of the calculation of the required contributions in Appendix A. A complete analytic solution can be found in the limits of small Reynolds number and small elasticity. We mention that a complete analytic solution for arbitrary Reynolds number can also be found; however, it is too complicated to present here, and the Floquet eigenvalue needs to be evaluated numerically. As the limit of relevance in the copolymer case is that of vanishing Reynolds number, we do not pursue this general case here. Nevertheless, Appendix B describes the steps necessary to find the Floquet eigenvalue for arbitrary Reynolds numbers and elasticity.
For convenience, we define a complex Reynolds number
, and Re (α) = ρω 2 h 2 /G ′′(α) (ω) are the conventional Reynolds numbers of fluids 1 and 2 with Re = Re (1) . In addition, we define n
with n = n (2) . The limit of small Reynolds number implies that both Re (1) and Re (2) H 2 /h are small. Now we solve the equations of motion (27) for the stream function order by order in q x by taking the expansion in Re and g (α) as 
where the explicit expressions of σ el and σ vis are given in Eqs. (A72) and (A73). The term σ el that remains as Re → 0 is a contribution of elastic origin. We find that
), where the proportionality factor is positive. This term vanishes if either the elasticity (g (2) = g (1) ) or viscosity (n = 1) of both fluids is the same. In short, we find a long wavelength instability due to elasticity stratification when (n − 1)(nH 
) is opposite to the sign of σ el (h, H, G * (1) (ω), G * (2) (ω)). Therefore, stability depends on which layer is adjacent to the boundary being sheared.
The instability mechanism in the Newtonian case arises from the out of phase evolution of the vorticity in both fluids 33, 34 . Small periodic distortions of the interface induce a vorticity perturbation of the same sign across the interface, but its sign alternates at each trough and peak. With negligible inertia, the vorticities are advected by the shear to create out of phase components of vorticity because of the viscosity contrast. As a result, vorticities of opposite sign at adjacent troughs and peaks get close together, and induce a vertical motion of the interface. The interfacial instability due to elasticity contrast found here has a similar origin in the out of phase vorticity as in the viscous case. The requirement that a viscosity contrast must exist (n = 1) for instability to occur ensures that there should exist an imbalance of vorticity across the interface. The essential difference between the viscous and elastic cases is that the out of phase motion of vorticity is driven in our case by the elasticity response. As can be seen from the complex wavevector of the base state, Eq. (21), elasticity induces a phase shift relative to the driving shear flow. Similarly, the elastic contrast of two fluids generates out of phase components of perturbed vorticity, and drives the interfacial instability.
IV. DISCUSSION
We discuss in this section the possible implications of our findings on orientation selection of block copolymers under shear. Following a quench of a large aspect ratio configuration (the aspect ratio being the ratio between the lateral dimension of the system and the lamellar spacing), a spontaneous distribution of locally ordered lamellar domains with random orientation results that coarsens with time 40 . Under the application of a shear, the wavelength of those domains with orientation that has a transverse component (q v) changes, fact that greatly reduces their range of stability 28 . Therefore, after some initial transient, it is expected that a majority of domains would be oriented either parallel or perpendicular to the shear. Within the order parameter description used here, the local free energy of domains along the two orientations is the same, even under shear (sinceq · v = 0). Hence, they are in coexistence.
As noted above, however, viscosity or elasticity of A or B rich regions are typically different. In PS-PI the glass transition temperature of the two blocks is quite different, and hence their mechanical response within the copolymer is expected to be different. However, given the small size of the blocks (on the order of tens of nm) and the large average viscosity of polymer melts, flows at the lamellar scale are expected to be negligible under most conditions of interest 41 . Furthermore, their contribution in slightly distorted lamellar configurations is of second order in the distortion, and do not contribute appreciably to their relaxation or stability 28 . Therefore viscoleastic contrast between blocks seems insufficient to drive short scale flows that could account for differences between parallel and perpendicular orientations under shear.
Whereas short scale flows are strongly damped, this is not so for flows that couple to long range distortions of a lamellar configuration 42 , or flows at the scale of the characteristic domain size in a polycrystalline configuration. The analysis undertaken here has aimed at establishing the relative dynamic stability of parallel and perpendicular domains when long wavelength hydrodynamic flows are allowed. We have found that there exists an interfacial instability of hydrodynamic origin in that limit due to viscoelastic contrast between the two phases even for zero Reynolds number.
Domain coarsening and orientation selection are intrinsically nonlinear problems whereas we have only addressed here the linear stability of a particular configuration. The two can be qualitatively related as follows: Assume that after some transient there will be a preponderance of parallel and perpendicular domains in a large aspect ratio sample under oscillatory shear. The instability described will set in whenever two such domains meet, and the conditions for instability are satisfied (viscoelastic contrast) and low enough wavelength (or equivalently, a large enough characteristic domain size). Once any boundary between two such domains becomes unstable, a secondary flow is established which is normal to the boundary (shown schematically in Fig. 3 ). Advection of order parameter by this secondary flow distorts the parallel domain (v q) but not the perpendicular (v ⊥ q). The region with locally distorted parallel lamellae will have a higher free energy than the adjacent region of perpendicular lamellae, and boundary motion will follow to reduce the free energy imbalance.
As a consequence, we would expect systematic motion of the boundary towards the parallel region every time there is a boundary instability. Although we cannot predict the nonlinear evolution of the boundary, and hence the evolution of an ensemble of domains in a large aspect ratio sample, this instability can provide for a dynamical selection mechanism that favors the perpendicular orientation whenever there is viscoelastic contrast between the two orientations. This result is generally consistent with the experimental survey of Ref. 19 .
Three main issues remain unresolved. First, the argument presented does not account for the preponderance of the parallel orientation when there is no contrast. Second, as shown in Fig. 2 , there are regions of parameter space in which the parallel-perpendicular boundary is stable. Therefore, whether a distribution of domains in a large aspect ratio sample would ultimately coarsen or evolve into coexistence cannot be conclusively answered by our analysis. Third, although there is ample evidence of viscoelastic contrast between differently oriented lamellae, there is no experimental study that we are aware of that has directly probed the uniaxial hydrodynamic properties of a bulk lamellar phase. At zeroth order in q x the momentum conservation equation Eq. (27) reduces to, with
We have shown earlier thatφ
is time-periodic in 2π/ω, and given by Eq (41). For e −iωt mode, we have
For small Re, with Eq. (49), the above equation (A1) becomes at zeroth order in Re
and at first order in Re
First, the general solution of Eq. (A3) is
The coefficients are determined by applying the boundary conditions Eqs. (29) - (34) . At zeroth order in Re the boundary conditions arē
∂ zφ
0,−,0 (z = 0) =φ
where the base flow is also expanded in Re
In terms of the coefficients ofφ
0,−,0 this set of boundary condition can be expressed as a 8×8 matrix. We solve this linear system for the coefficients ofφ
At O(Re) the general solution to Eq. (A4) is given bȳ
where we have used Eq. (A5) for the inhomogeneous term of Eq. (A4). The boundary conditions at O(Re) areφ
0,−,1 (z = 0) =φ
which can also be written as a 8×8 matrix for the coefficients ofφ 
and forφ by solving this 8×8 linear system.
O(q x )
At O(q x ), we have to solve Eq. (A36) forφ 
so that
and, similarly,
The resulting particular solution for fluid 1 is φ
1,NP,p = − i 4 ρ η (1) (k (1) * )
